We study the deformations of an asymptotically cylindrical Cayley submanifold inside an asymptotically cylindrical Spin(7)-manifold. We prove an index formula for the operator of Dirac type that arises as the linearisation of the deformation map and show that if the Spin(7)-structure is generic, then there are no obstructions, and hence the moduli space is a smooth finite-dimensional manifold whose dimension is equal to the index of the operator of Dirac type. We further construct examples of asymptotically cylindrical Cayley submanifolds inside the asymptotically cylindrical Riemannian 8-manifolds with holonomy Spin(7) constructed by Kovalev.
Introduction
Cayley submanifolds of R 8 were introduced by Harvey and Lawson [HL82] as an instance of calibrated submanifolds, extending the volume-minimising properties of complex submanifolds in Kähler manifolds. Other classes of calibrated submanifolds given in [HL82] are the special Lagrangian submanifolds of C n and the associative and coassociative submanifolds of R 7 . More generally, Cayley submanifolds are 4-dimensional submanifolds which may be defined in an 8-manifold M equipped with a certain differential 4-form Φ invariant at each point under the spin representation of Spin(7). The latter representation identifies Spin(7) as a subgroup of SO(8), and a Spin(7)-structure determined by Φ induces a Riemannian metric and orientation on M . See Section 2.1 for details.
Calibrated submanifolds often arise in Riemannian manifolds with reduced holonomy. In particular, Cayley submanifolds in an 8-manifold are calibrated and minimal whenever the respective "Spin(7)-structure" Φ is closed. In that case, the holonomy of the Riemannian metric induced by Φ reduces to a subgroup of Spin(7); in particular, the metric then is Ricci-flat. The first examples of closed Riemannian 8-manifolds with holonomy Spin(7) were constructed by Joyce [Joy96] . He also provided examples of closed Cayley submanifolds inside these manifolds [Joy00] .
Preliminaries
We begin by reviewing Spin(7)-structures on 8-manifolds and asymptotically cylindrical Riemannian manifolds. We also review the Atiyah-Patodi-Singer Index Theorem and the relative Euler class, which we will use in the index formulae. We finish this section by proving an extension of Harvey and Lawson's [HL82] volume-minimising property of calibrated submanifolds to asymptotically cylindrical calibrated submanifolds.
Spin(7)-Structures
Here we recall some basic facts about Spin(7)-structures on 8-manifolds and Cayley submanifolds (see, for example, [HL82] , [Joy00] (1)
The subgroup of GL(8, R) preserving Φ 0 is isomorphic to Spin(7), viewed as a subgroup of SO(8). Note that Φ 0 is self-dual. Let M be an 8-manifold. Suppose that there is a 4-form Φ on M such that for each x ∈ M there is a linear isomorphism i x : T x M → R 8 with (i x ) * (Φ 0 ) = Φ x (in a neighbourhood of each point, this can be chosen to depend smoothly on x). Then Φ induces a Spin(7)-structure on M . Conversely, if M has a Spin(7)-structure, then there is such a 4-form Φ. Via such an identification i x : T x M → R 8 of Φ x with Φ 0 , the metric g 0 of R 8 induces a metric (i x ) * (g 0 ) on T x M . Since Spin(7) ⊆ SO(8), this metric is independent of the chosen identification, and we get a well-defined Riemannian metric g = g(Φ) and orientation on M . By abuse of notation, we will refer to the 4-form Φ as a Spin(7)-structure. The Spin(7)-structure is called torsion-free if ∇Φ = 0, where ∇ is the Levi-Civita connection of (M, g). This is equivalent to dΦ = 0 [Fer86, Theorem 5.3] .
If M is an 8-manifold, then there exists a Spin(7)-structure on M if and only if M is orientable and spin and 
where h is the induced metric on Λ 2 7 M . There is also a vector-valued 4-form τ ∈ Ω 4 (M, Λ 
which satisfies
This formula can be checked by using the invariance properties of the cross products and checking it for v = e 1 , w = e 2 , where (e 1 , . . . , e 8 ) is a Spin(7)-frame (see below for the definition). Note that
which follows from [Bry87,  
where (e 1 , . . . , e 8 ) is the dual coframe. Note that if (e 1 , . . . , e 8 ) is a Spin(7)-frame, then it is an orthonormal frame since Spin(7) ⊆ SO(8). Furthermore, e i × e j = ±e k × e ℓ if and only if Φ(e i , e j , e k , e ℓ ) = ∓1 for i, j, k, ℓ ∈ {1, . . . , 8} different by (6). So (10) shows that e 1 × e 5 = e 2 × e 6 = e 3 × e 7 = e 4 × e 8 , e 1 × e 6 = −e 2 × e 5 = e 3 × e 8 = −e 4 × e 7 , e 1 × e 7 = −e 2 × e 8 = −e 3 × e 5 = e 4 × e 6 , e 1 × e 8 = e 2 × e 7 = −e 3 × e 6 = −e 4 × e 5 .
(11)
If e 1 , e 2 , e 3 ∈ T x M are orthogonal unit vectors and e 5 ∈ T x M is a unit vector that is orthogonal to e 1 , e 2 , e 3 , e 1 × e 2 × e 3 , then there are (uniquely determined) e 4 , e 6 , e 7 , e 8 ∈ T x M such that (e 1 , . . . , e 8 ) is a Spin(7)-frame, namely e 4 = −e 1 × e 2 × e 3 , e 6 = −e 1 × e 2 × e 5 , e 7 = −e 1 × e 3 × e 5 , and e 8 = e 2 × e 3 × e 5 .
We have Φ x | V ≤ vol V for all x ∈ M and every oriented 4-dimensional subspace V of T x M , where vol V is the volume form (induced by the metric g and the orientation on V ) and ϕ x | V ≤ vol V means that ϕ x | V = λ vol V with λ ≤ 1. An orientable 4-dimensional submanifold X of M is called Cayley if Φ| X = vol X for some orientation of X. This is equivalent to τ | X = 0 [HL82, Corollary 1.29 in Chapter IV] . If the Spin(7)-structure Φ is torsion-free, then Φ is a calibration on M , and Cayley submanifolds are minimal submanifolds [HL82, Theorem 4.2 in Chapter II]. Now suppose that X is a Cayley submanifold of M . Then Λ of N , and a section v of the normal bundle of (R,
is a diffeomorphism onto X \ K ′ , where exp is the exponential map with respect to the metric g ∞ .
Theorem 2 ([LM85, Theorem 6.2]). Let (M, g) be an asymptotically cylindrical manifold, and let P : Γ(E) → Γ(F ) be an asymptotically cylindrical linear elliptic differential operator of order k that is asymptotic to the translation-invariant operator
Then P extends to a bounded linear map P
, and λ ∈ R. For λ ∈ R, let d P (λ) be the complex dimension of the space spanned by the solutions s ∈ Γ(E ∞ ) of P ∞ s = 0 on the cylinder R × N such that e (λ+iγ)t s is polynomial in t for some γ ∈ R, and let
λ , which is independent of ℓ and α and hence well-defined. Then
for all λ, δ ∈ R \ D P with λ < δ.
Lemma 3. Let M be an asymptotically cylindrical manifold, and let P : Γ(E) → Γ(F ) and Q : Γ(E) → Γ(F ) be asymptotically cylindrical linear elliptic differential operators of the same order. If P and Q have the same symbol and are asymptotic to the same translation-invariant operator, then
Atiyah-Patodi-Singer Index Theorem
The main tool to compute the index of the operator of Dirac type that arises as the linearisation of the deformation map will be the Atiyah-Patodi-Singer Index Theorem [APS75a] . Here we recall the Atiyah-Patodi-Singer Index Theorem and also the signature theorem for asymptotically cylindrical manifolds.
Definition 4 ([APS75a]
). Let M be an odd-dimensional closed manifold, and let P : Γ(E) → Γ(F ) be a first-order linear elliptic differential operator. Define
for z ∈ C with Re z large, where λ runs over all eigenvalues of P (counted with multiplicity). This function has a meromorphic extension to C, and z = 0 is not a pole. The η-invariant of P is defined by η(P ) := η P (0). 
where
is defined by the equation
Theorem 6 ([APS75a, Theorem (4·14)] (see also [Mel93, Theorem 9 .4])). Let M be an n-dimensional asymptotically cylindrical manifold with cross-section N . Suppose that n = 4k. Then 
Relative Euler Class and Generalised Gauss-BonnetChern Theorem
In the index formulae that we prove, we will use the relative Euler class. Here we define the relative Euler class and present the general Gauss-Bonnet-Chern Theorem for the computation of the relative Euler class (see [Sha73] ).
Definition 8. Let M be a manifold, let N be a submanifold of M , let E be an oriented vector bundle over M of rank n, and let s ∈ Γ(E| N ) be a non-vanishing section of E over N . The relative Euler class e(E, s) ∈ H n (M, N ) is defined as follows. Let E 0 ⊆ E be the complement of the zero section, let S := s(N ) (note that S ⊆ E 0 since s is non-vanishing), and let u ∈ H n (E, E 0 ) be the orientation class. Furthermore, let p : (E, S) → (M, N ) denote the projection (note that p is a homotopy equivalence), and let i :
If M is a connected, oriented, n-dimensional asymptotically cylindrical manifold with cross-section N , E is an oriented vector bundle of rank n over M , and s ∈ Γ(E| N ) is a non-vanishing section, then H n (M, N ) ∼ = Z, and we can interpret the relative Euler class e(E, s) as an integer.
Theorem 9 ("Generalised Gauss-Bonnet-Chern Theorem" (cf. [Sha73, §3])). Let M be a connected, oriented, n-dimensional asymptotically cylindrical manifold with cross-section N , let E be an oriented, asymptotically cylindrical vector bundle over M of rank n, let ∇ be an asymptotically cylindrical metric connection on E, and let s ∈ Γ(E| N ) be a non-vanishing section with point-wise norm 1. Suppose that n = 2k is even. Then
Proof. A proof of an analogous statement for compact manifolds with boundary works almost literally like in [Sha73] , except that we use s instead of the exterior normal vector field. The version for asymptotically cylindrical manifolds can then be deduced by going to the limit t → ∞.
Volume Minimising Property
Harvey and Lawson [HL82] proved that closed calibrated submanifolds are volume-minimising in their homology class. In fact, they proved this for compactly supported deformations. Here we present an extension of this property to asymptotically cylindrical calibrated submanifolds, which we will apply in Section 6. Then
and equality holds if and only if Y is calibrated.
Proof. Let T > 0 be large enough, and let X T := {x ∈ X : t ≤ T } and Y T := {y ∈ Y : t ≤ T }. Since X and Y lie in the same relative homology class in
by Stokes' Theorem since dϕ = 0 as ϕ is a calibration. Furthermore,
since X and Y have the same asymptotic limit. Hence 
Index Formula
In this section, we derive various formulae for the index of the operator of Dirac type that arises as the linearisation of the deformation map under general and special assumptions. We start with the deformation map and its linearisation in Section 3.1, which is mostly drawn from McLean [McL98] . Then we present a proof of the index formula for closed Cayley submanifolds in Section 3.2, which we then generalise to the asymptotically cylindrical case in Section 3.3. The formula we get (see Theorem 15) involves the η-invariants of two operators. In Section 3.4, we investigate the relation between these two operators, resulting in an alternative index formula involving the spectral flow (see Proposition 19). We finish this section by deriving simplified formulae under special assumptions on the cross-section at infinity.
Deformation Map
Here we present the basic setup, that is, the deformation map and its linearisation. For more details, see [McL98] . So any submanifold that is C 1 -close to X can be parametrised by a section of the normal bundle ν M X with small C 1 -norm. Furthermore, that submanifold is asymptotically cylindrical if and only if the corresponding section of the normal bundle decays to 0 at an exponential rate.
With this preparation, we can define the deformation map as in [McL98,
where U ⊆ ν M X is an appropriate tubular neighbourhood of the 0-section. As in [McL98] we get (dF ) 0 (s) = Ds, where If the operator 
Index Formula for Closed Cayley Submanifolds
Here we present a proof of the index formula in the case of closed Cayley submanifolds, which forms the basis for the proof of the more general index formula for asymptotically cylindrical Cayley submanifolds in the next section. Proposition 14. Let M be an 8-manifold with a Spin(7)-structure, let X be a closed Cayley submanifold of M , and let
where χ(X) is the Euler characteristic, σ(X) is the signature, and
Proof. We first recall some facts from [McL98, Section 6]. Suppose that X has a spin structure, and let S + and S − denote the positive and negative spinor bundles, respectively (note that both bundles are quaternionic line bundles). Then there is a quaternionic line bundle F over X such that
If the Spin(7)-structure is torsion-free, then D can be identified with a negative twisted Dirac operator [McL98, , that is, the negative Dirac operator associated to the bundle S ⊗ C F with the tensor product connection. If the Spin(7)-structure is not torsion-free, then D may not be a negative twisted Dirac operator but the symbol of D is still the same as the symbol of a negative twisted Dirac operator, and the index of an elliptic operator depends only on the symbol of the operator. The Atiyah-Singer Index Theorem yields
whereÂ(X) is the totalÂ-clasŝ
and ch(F ) is the Chern character
Here p 1 (X) is the first Pontryagin class of X and c i (F ) is the i-th Chern class of F . Note that c 1 (F ) = 0 since F has a quaternionic structure. Hence
Now (27) implies that
where e(X) is the Euler class of X. Combining (28), (31), (32), and (33) yields
This formula is valid even when X does not have a spin structure. The definition (1) of the Spin(7)-form Φ 0 on R 8 shows that the interior product with the Spin(7)-form Φ gives an isomorphism
So
Now (26) follows from this formula using the generalised Gauß-Bonnet Theorem
the Hirzebruch Signature Theorem
and the relation
between the Euler class of the normal bundle and the self-intersection number.
Index Formula for Asymptotically Cylindrical Cayley Submanifolds
Here we prove a general index formula containing η-invariants. 
where λ > 0 is such that [−λ, 0) contains no eigenvalue ofD.
Here (i) χ(X) is the Euler characteristic of X, (ii) σ(X) is the signature of X (the signature of the non-degenerate quadratic form induced by the cup-product on the image of H
2 cs (X) in H 2 (X)), (iii) e(ν M X) is the Euler density, (iv)D : Γ(ν N Y ) → Γ(ν N Y ) is
the (twisted) Dirac operator that arises as the linearisation of the deformation map for associative submanifolds, and (v)
Proof. Like in the closed case (see the proof of Proposition 14), D is a negative twisted Dirac operator. Furthermore,D :
So the Atiyah-Patodi-Singer Index Theorem (Theorem 5, (21)) implies
Like in the closed case (see the proof of Proposition 14), we get
Now Theorem 6 implies
Furthermore, the generalised Gauss-Bonnet-Chern Theorem (Theorem 9, see also [Mel93, Lemma 9.2]) yields
Now (41) follows from the above formulae.
Relation Between B ev andD
Here we investigate the relation between the two operators B ev andD that appear in the index formula of Theorem 15. We derive an alternative index formula involving the spectral flow (Proposition 19).
Lemma 16. The operator B
ev is the Dirac operator associated to the Dirac bundle
Proof. We have
Lemma 17. Let s ∈ Γ(ν N Y ) be a non-vanishing section with pointwise norm 1 (which always exists since Y is 3-dimensional and ν N Y has rank 4), and let
where "×" is the cross product of the G 2 -structure on N . Then
Corollary 18. Let s ∈ Γ(ν N Y ) be a non-vanishing section with pointwise norm 1, and letD
where 
where sf(D t ) is the spectral flow of the family (D t ), that is, the number of eigenvalues that go from < 0 to ≥ 0 minus the number of eigenvalues that go from ≥ 0 to < 0.
Proof. First note that the spectral flow does not depend on the choice of the smooth family [APS76, Theorem (7·4)]. So let µ : R → [0, 1] be a smooth function such that µ(t) = 0 for all t ≤ −1 and µ(t) = 1 for all t ≥ 1, and let
Then ind λ P + Note that P is the negative Dirac operator with respect to the connection
Note that
As before, we get
Here e(R×Y ) = p 1 (R×Y ) = 0. The generalised Gauss-Bonnet-Chern Theorem (Theorem 9) implies
Now (49) 
Additional Assumptions
Here we prove simplified versions of the index formula under special assumptions on the cross-section at infinity. Examples where these assumptions are satisfied can usually be found if the cross-section at infinity of the Spin(7)-manifold has reduced holonomy. In particular, we will apply the results of this section to asymptotically cylindrical Cayley submanifolds inside the asymptotically cylindrical Riemannian 8-manifolds with holonomy Spin(7) constructed by Kovalev in [Kov13] in Section 5.
Proposition 21. Let M be an asymptotically cylindrical manifold with an asymptotically cylindrical Spin(7)-structure asymptotic to (0, ∞) × N , where N is a 7-manifold with torsion-free G 2 -structure, let X be an asymptotically cylindrical Cayley submanifold asymptotic to (0, ∞) × Y , where Y is a closed associative submanifold of N , and let
where λ > 0 is such that [−λ, 0) contains no eigenvalue of B ev .
Proof. We haveD =D by Corollary 18 since s is parallel. Hence η(D) = η(B ev ) and dim kerD = dim ker B ev . So (55) follows from (41) using the generalised Gauss-Bonnet-Chern Theorem (Theorem 9). 
Then
Furthermore, the connections are identified via this isomorphism since s is parallel and the G 2 -structure is torsion-free. In particular, under this isomorphism,D is identified with the operator
Also note that
by the generalised Gauss-Bonnet-Chern Theorem (Theorem 9) since π : X → X is a 2-fold cover and s is a non-trivial parallel section of π * (ν M X)| ∂ X . Now (56) follows from (41) using the above formulae. 
Remark 24. Under the above hypotheses, consider the map
This is a diffeomorphism onto {z ∈ C : 0 < |z| < 1} × C. Let M be the compactification of M that is obtained by using this diffeomorphism and extending it to {0} × C (so M is a closed manifold with M \ M ∼ = C). Extend X similarly to X. Then we can identify ν M X on the cylindrical end with {z ∈ C : 
This implies that the spectrum ofD is symmetric. Hence also
Note that kerD is isomorphic to the space of holomorphic sections of the normal bundle ν C Z [CHNP12, Lemma 5.11]. Hence
Furthermore, ∇ v s = 0 since s is invariant under rotations of S 1 . So the generalised Gauss-Bonnet-Chern Theorem (Theorem 9) implies
since N = S 1 × C is endowed with the product metric. Now (61) follows from (41) using the above formulae.
Varying the Spin(7)-Structure
In this section, we prove that under certain genericity assumptions on the Spin(7)-structure, asymptotically cylindrical Cayley submanifolds form a smooth finite-dimensional moduli space. There are various versions, depending on the precise conditions on the asymptotically cylindrical Spin(7)-structures allowed and whether the cross-section at infinity of the Cayley submanifold is fixed.
Definition 25. Let X be a topological space. We say that a statement holds for generic x ∈ X if the set of all x ∈ X for which the statement is true is a residual set, that is, it contains a set which is the intersection of countably many open dense subsets.
In the following theorems we use the C Proof. The proof works mostly analogous to the proof of [Ohs14, Theorem 3.7]. So we will only explain the main differences. 
where e ∈ Γ λ (Λ 
of class C 1 . Since the image of the operator
is closed and has finite codimension and C
is surjective by Lemma 28 below.
Proof. This follows by considering the quasilinear elliptic equation
and D If λ > 0 is small enough, then for every generic asymptotically cylindrical Spin(7)-structure Ψ with rate λ that is C 
Note that the image is indeed in Γ λ (E) since Y consists of associative submanifolds (which implies that (expŝ) 
is surjective. If λ > 0 is small enough, then for every generic asymptotically cylindrical Spin(7)-structure Ψ with rate λ that is C 2,α -close to Φ, the moduli space of all asymptotically cylindrical Cayley submanifolds of (M, Ψ ) with rate λ that are C 2,α -close to X is either empty or a smooth manifold of dimension ind λ D, where D is defined in (25).
Proof. Here we have the deformation map
N are appropriate open tubular neighbourhoods of the 0-sections and the image of this map lives in the image of the map
Note that this is a Fredholm operator with index ind λ D since indD = 0 and ρ ′ C 1,α is sufficiently small. We further have
is surjective.
Examples
In this section, we provide examples of asymptotically cylindrical Cayley submanifolds inside the asymptotically cylindrical Riemannian 8-manifolds with holonomy Spin(7) constructed by Kovalev in [Kov13] and calculate the indices of these Cayley submanifolds.
Notation. Throughout this section, if M is a manifold and n is a positive integer, we write n M for the connected sum of n copies of M (the connected sum does not depend on the embeddings of the discs along which the manifolds are glued; furthermore, the connected sum is commutative and associative up to orientation preserving diffeomorphism). Note that n M is cobordant to n i=1 M , the disjoint union of n copies of M . In particular, if M is null-cobordant, so is n M , and a null-cobordism of M determines a null-cobordism of n M by composing with the cobordism between n M and n i=1 M . We will now construct an asymptotically cylindrical Cayley submanifold inside the asymptotically cylindrical Spin Note that both D and D ′ are smooth and that Σ is a complete intersection. Let V be the blow-up of V along Σ. Then D lifts to a submanifoldD ofṼ which is isomorphic to D.
Cayley Submanifold in a Spin
Define two antiholomorphic involutions
Note that ρ 1 ρ 2 = ρ 2 ρ 1 . Furthermore, both ρ 1 and ρ 2 preserve p 0 , D, and D ′ , and hence also Σ. So they lift to antiholomorphic involutionsρ 1 andρ 2 ofṼ such thatρ 1ρ2 =ρ 2ρ1 . Note further that ρ 1 fixes only p 0 . Let
Now let W be the blow-up of C 4 /Z 4 at 0, where Z 4 acts on C 4 by multiplication by i. Furthermore, let , ρ 1 (z) ). We may assume that the Kähler metric onṼ isρ 1 -andρ 2 -invariant. Then the holomorphic volume form Ω onṼ satisfies (w.l.o.g.) (ρ 1 ) * (Ω) = Ω and (ρ 2 ) * (Ω) = e iθ Ω for some θ ∈ R. Nowρ 1ρ2 =ρ 2ρ1 implies e 2iθ = 1. So either (ρ 2 ) * (Ω) = Ω or (ρ 2 ) * (Ω) = −Ω. In the first case, the fixed-point set ofρ 2 is calibrated with respect to Re Ω, and in the second case, the fixed-point set ofρ 2 is calibrated with respect to Im Ω. In particular,ρ 1 acts orientation-preserving in the first case and orientation-reversing in the second case.
So consider the fixed-point set of ρ 2 in V ,
The action of ρ 1 on V ρ2 is given by
In particular, ρ 1 acts orientation-preserving on V ρ2 (i.e., the quotient V ρ2 / ρ 1 is orientable). This shows that (ρ 2 ) * (Ω) = Ω as seen above. By resolving the singularity in aρ 2 -equivariant way,ρ 2 yields an involution of M that preserves the Spin(7)-structure. Hence its fixed-point set is a Cayley submanifold of M [Joy00, Proposition 10.8.6]. Denote it by X. We will now deduce the topological type of X and calculate the index of the deformation map.
LetX 1 be the fixed-point set ofρ 2 inṼ \D, letX 2 be the fixed-point set ofρ 1ρ2 inṼ \D, letX 3 be the fixed-point set ofρ ′ 2ρ ′ 3 in W , and let X 1 := X 1 / ρ 1 , X 2 :=X 2 / ρ 1 , and X 3 :=X 3 / ρ 3 .
Lemma 31. We have
where L(4; 1) is a lens space, defined by considering S 3 ⊆ C 2 and taking the quotient with respect to the cyclic group Z 4 whose action is induced by multiplication by i.
Proof. We have
, and
is identified with
is identified with 
Proof. LetX
and
The mapX
defines a deformation retraction ofX 4 ontõ
Note thatỸ is the closed double ofỸ ′ . Furthermore, there exists a deformation retraction f : 
is a free group of rank 13.
Given any closed loop in Y ′ , there exists a smooth loop homotopic to it. Furthermore, we may assume that it meets K transversely, which means that it does not intersect K. Then we may use the earlier deformation retraction backwards to push the loop onto ∂Y ′ . This shows that the map π 1 (∂Y ′ ) → π 1 (Y ′ ) induced by the inclusion is surjective. Hence
by van Kampen's Theorem. So π 1 (Y ) is a free group of rank 13, and hence
We should also note the following consequences of the above proof. We
2 ) sinceK has 8 vertices and 32 edges. Also
So ∂Y ′ is a closed orientable surface of genus 13. Consider also the fixed-point set of ρ 1 ρ 2 in V ,
Note that ρ 1 interchanges these two components.
Lemma 33. The closed orientable surface Z has genus 3. Furthermore,
Proof. Note that
is a branched double cover with 8 branched points. So χ(Z) = −4 by the Riemann-Hurwitz Theorem. Hence Z is a complex curve of genus 3. In particular, c 1 (ν D Z) = −c 1 (Z) = 4 since D is a Calabi-Yau manifold. In fact, if we denote the above map by f : Z → CP 1 , then one can check that
, then these sections are those sections that are invariant under ρ. But if a section changed its sign under ρ, then it would be 0 at all 8 branched points. This would imply that the intersection number with the zero section would be at least 8. But this intersection number is equal to c 1 (f
LetS be the fixed-point set of ρ 2 in Σ, and let S :=S/ ρ 1 .
Lemma 34. The closed orientable surface S has genus 13.
Proof. Note that
We have
where λ, µ ∈ C are such that λ 8 = 1 + i and µ 8 = 1 + 2i. So S is diffeomorphic to the closed double of
Since the map
we see that
This surface is diffeomorphic to ∂Y ′ . Hence S is a closed orientable surface of genus 13.
and X 4 :=X 4 / ρ 1 as in the proof of Lemma 32. Furthermore, let
and X 5 :=X 5 / ρ 1 . Note that V ρ2 \D consists of two connected components, namely the interiors ofX 4 andX 5 . In the blow-upṼ \D, they are glued together along an interval I times the intersection of V ρ2 with Σ, that is, along I ×S. So
Note that by construction, we also have a diffeomorphism
Also note that X 1 has an orientation-reversing diffeomorphism (coming from
, and hence σ(X 1 ) = 0 .
The intersection of V ρ1ρ2 with Σ, that is, the set
consists of 16 points. So in the blow-upṼ , the submanifold CP 2 1,1,4 \ {p 0 } will be blown up at 16 points. Hence
Proposition 35. The topological type of X is
where Σ 3 is a closed orientable surface of genus 3 and X 13 is the null-cobordism
. Note that the cross-section at infinity is
by van Kampen's Theorem. Since the inclusion Y ֒→ X 4 induces an isomorphism π 1 (Y ) ∼ = π 1 (X 4 ), we must have π 1 (X 5 ) ∼ = Z 4 . In fact, the inclusion L(4; 1) ֒→ X 5 induces this isomorphism. Now
by van Kampen's Theorem. Here the map π 1 (Σ 13 ) → π 1 (X 4 ) induced by the inclusion I × Σ 13 ֒→ X 4 is surjective. So the map π 1 (L(4; 1)) → π 1 (X 1 ) induced by the inclusion L(4; 1) ֒→ X 5 ֒→ X 1 is surjective. Note that CP 
is simply-connected. Furthermore, X 3 is homotopy equivalent to CP 1 (the exceptional divisor), and hence also X 3 is simply-connected.
So if we define
and the map π 1 (Y ) → π 1 (X 13 ) induced by the inclusion is surjective. We calculate
since the Euler characteristic of a closed orientable 3-manifold is 0, and
by Novikov additivity since b 2 (X 13 ) = 0. Also note that the intersection form on X is odd since the intersection form on CP 2 is odd. Hence X is homeomorphic to CP 2 # 17 CP 2 by [FQ90, Theorem 10.1 (2)].
Lemma 36. We have
Proof. When X 1 , X 2 , and X 3 are glued together along L(4; 1), the normal bundles are also glued together. Now fix a non-vanishing section of the normal bundle ν S 7 /Q8 L(4; 1) (by abuse of notation, we will also call this s). Then
where π :Ṽ →Ṽ / ρ 1 is the natural projection. LetV be the blow-up ofṼ at the singular point p 0 , and letX 1 be the fixed-point set ofρ 2 (the extension of ρ 2 toV ) inV \D. Then
sinceX 1 is a special Lagrangian submanifold ofV and
Furthermore, let F 4 be the blow-up of CP 2 1,1,4 at the singularity p 0 . Then X 2 ∪ L(4;1) X 3 is F 4 blown up at 16 points. Denote it byF 4 . We can viewF 4 as a submanifold ofV . Then Proof. We have
by Theorem 15 and parts of Proposition 22 and Proposition 23. Note that the change of sign of σ(X) in the above formula compared to (41) comes from our convention (1) of the Spin(7)-structure (complex surfaces of Calabi-Yau 4-folds are Cayley with respect to the opposite orientation).
Remark 38. Note that dim ker(D| 13 (S 1 ×S 2 ) ) = 12 and dim ker(D| S 1 ×Σ3 ) = 4 .
So all connected components of the cross-section at infinity are obstructed as associative submanifolds. We will now construct two asymptotically cylindrical Cayley submanifolds inside the asymptotically cylindrical Spin ( Note that ρ 1 ρ 2 = ρ 2 ρ 1 . Furthermore, both ρ 1 and ρ 2 preserve p ± , V , C, C ′ , and hence also D and Σ. So they lift to antiholomorphic involutionsρ 1 andρ 2 ofṼ such thatρ 1ρ2 =ρ 2ρ1 . Note further that ρ 1 fixes only p ± . Let
Cayley Submanifolds in a Spin
Define also M 2 and f : S 7 /Q 8 → S 7 /Q 8 as in the last section. Then both 
In particular, ρ 1 acts orientation-preserving on V ρ2 (i.e., the quotient V ρ2 / ρ 1 is orientable). This shows that (ρ 2 ) * (Ω) = Ω as seen in the last section.
whereX 5 was defined in the last section. So
Note that in the blow-upṼ , we get
as one part of our Cayley submanifold. Consider also the fixed-point set of ρ 1 ρ 2 in V ,
We have h 2,0 (V ρ1ρ2 ) = 0 and h 1,1 (V ρ1ρ2 ) = 8 by [IF00, Theorem 7.2]. So χ(V ρ1ρ2 ) = 10 and σ(V ρ1ρ2 ) = −6. Note also that
is simply-connected by [DD85, Lemma 9]. Hence V ρ1ρ2 \{p ± } is simply-connected since
is an 8-fold branched cover with 2 branched points, and hence
is diffeomorphic to S 2 (in particular, simply-connected).
Proposition 39. Suppose that we resolve both singularities by the "non-trivial" resolution (the manifold M ). Then the topological type of X is
where Σ 3 is a closed orientable surface of genus 3 and X 13 is the null-cobordism of 13 (
Proof. Similarly to the proof of Proposition 35, one can check that
is simply-connected. We calculate
= 2 · 12 − (−24) + 2 · (−12) + 8 + 16 · (3 − 2) + 2 · 2 = 44 and
Furthermore, the intersection form on X is odd. Hence X is homeomorphic to 13 CP 2 # 29 CP 2 by [FQ90, Theorem 10.1 (2)].
Proposition 40. Suppose that we resolve both singularities by different resolutions (the manifold M ′ ). Then the topological type of X is
Note that each X 5 in the splitting X 5 ∪ I×Σ13 X 5 approaches both singularities. Recall that
and consider X
Note that the remaining part of the boundary of X ′ 5 is given by
In other words, we may assume that one X 5 in the splitting X 5 ∪ I×Σ13 X 5 approaches p + and the other approaches p − . So that component looks like
which has fundamental group Z × Z 4 . Note further that the map π 1 (Σ 13 ) → π 1 (X 5 ) induced by the inclusion I × Σ 13 ֒→ X 5 is surjective by a similar argument as in the end of the proof of Lemma 32 (noting also that π 1 (Σ 13 ) → π 1 (Y ′ ) induced by the inclusion is surjective). Hence π 1 (X) ∼ = Z by van Kampen's Theorem.
We have χ(X) = 44 and σ(X) = −16 as seen in the proof of Proposition 39. Furthermore, the intersection form is odd. Hence X is homeomorphic to
Note that the map
extends to the blow-ups, which shows that the self-intersection number is 0 (similar to the proof of Lemma 36). Hence Proof. We have
by Theorem 15 and parts of Proposition 22 and Proposition 23. (complex surfaces of Calabi-Yau 4-folds are Cayley with respect to the opposite orientation).
Relation to Other Calibrations
Harvey and Lawson noted in [HL82, Remark 2.12 in Chapter IV] that the geometry of Cayley submanifolds includes the geometries of other calibrations. In particular, if the holonomy reduces to a proper subgroup of Spin(7), then Cayley submanifolds can be constructed out of submanifolds that are calibrated with respect to another calibration. An application of the volume-minimising property of calibrated submanifolds shows that any deformation of such a closed Cayley submanifold as a Cayley submanifold must again be of that form. Here we show that this is also true for asymptotically cylindrical Cayley submanifolds. We further simplify the index formulae in these cases. In particular, in the case of the special Lagrangian and the coassociative calibration, the moduli space of asymptotically cylindrical Cayley deformations is a smooth manifold (we have the same linearisation up to isomorphism but better control on the non-linear terms due to Hodge theory).
Special Lagrangian Calibration
Let M be an asymptotically cylindrical Calabi-Yau 4-fold with Kähler form ω and holomorphic volume form Ω, which we assume to be normalised, that is, 
by Proposition 21, where λ > 0 is such that [−λ, 0) contains no eigenvalue of B ev . Note that we also have an isomorphism Λ 0 X ⊕ Λ 2 + X ∼ = E, which comes from the parallel section ω ∈ Γ(Λ 2 7 M ) and the map
Under these isomorphisms, the Dirac operator D is identified with
The dimension of the kernel of this map is equal to the dimension of the image of
4 (X) = 0 if X has no closed connected component). Salur and Todd [ST10, Theorem 1.1] proved that if M is an asymptotically cylindrical Calabi-Yau 3-fold and X is an asymptotically cylindrical special Lagrangian submanifold of M , then the moduli space of all local deformations of X as an asymptotically cylindrical special Lagrangian submanifold of M with the same asymptotic limit as X is a smooth manifold whose dimension is given by the dimension of the image of H 1 cs (X) in H 1 (X) (which is equal to
The same is true in higher dimensions.
Coassociative Calibration
LetM be an asymptotically cylindrical 7-manifold with an asymptotically cylindrical G 2 -structureφ, letψ be the Hodge-dual ofφ, let M := S 1 ×M , and let θ denote the coordinate on the S 1 -factor. Then Φ := dθ ∧φ +ψ defines a Spin(7)-structure on M [HL82, Proposition 1.30 in Chapter IV]. The Spin(7)-structure Φ is asymptotically cylindrical sinceφ is asymptotically cylindrical. Furthermore, the Spin(7)-structure Φ is torsion-free if the G 2 -structureφ is torsion-free. An orientable 4-dimensional submanifoldX ofM is called coassociative if ψ|X = volX for some orientation ofX. This is equivalent toφ|X = 0 [HL82, Corollary 1.20 in Chapter IV]. SoX is a coassociative submanifold ofM if and only if X := {1} ×X is a Cayley submanifold of M .
The dimension of the kernel of this map is equal to the dimension of the negative subspace of the image of H 2 cs (X) in H 2 (X). Joyce and Salur [JS05, Theorem 1.1] proved that the moduli space of all local deformations ofX as an asymptotically cylindrical coassociative submanifold ofM with the same asymptotic limit asX is a smooth manifold whose dimension is given by the dimension of the negative subspace of the image of H 2 cs (X) in H 2 (X). Note that they get the dimension of the positive subspace since they use a different convention for the Spin(7)-structure (not our convention (1)).
Examples of asymptotically cylindrical coassociative submanifolds inside asymptotically cylindrical Riemannian 7-manifolds with holonomy G 2 were constructed by Kovalev 
Complex Surfaces
Recall from Section 6.1 that if M is an asymptotically cylindrical Calabi-Yau 4-fold with Kähler form ω and holomorphic volume form Ω, then Φ := − 1 2 ω∧ω+ Re Ω defines an asymptotically cylindrical torsion-free Spin(7)-structure on M .
Furthermore, every complex surface in M is Cayley, but not every Cayley submanifold is a complex surface (for example, special Lagrangian submanifolds are also Cayley). 
Associative Calibration
Recall from Section 6.2 that ifM is an asymptotically cylindrical 7-manifold with an asymptotically cylindrical G 2 -structureφ,ψ is the Hodge-dual ofφ, M := S 1 ×M , and θ denotes the coordinate on the S 1 -factor, then Φ := dt∧φ+ψ defines an asymptotically cylindrical Spin(7)-structure on M . Furthermore, the Spin(7)-structure Φ is torsion-free if the G 2 -structureφ is torsion-free.
An orientable 3-dimensional submanifoldX ofM is called associative if ϕ|X = volX for some orientation ofX. SoX is an associative submanifold ofM if and only if X := S 1 ×X is a Cayley submanifold of M . by Proposition 10 with ϕ = Φ. Hence we get equality in the above inequalities (noting that the difference in the first inequality is increasing as T → ∞). So Y = S 1 × Y 1 , and Y 1 is an asymptotically cylindrical associative submanifold ofM . Now suppose thatM is an asymptotically cylindrical 7-manifold with crosssectionÑ and with an asymptotically cylindrical torsion-free G 2 -structure, and thatX is an asymptotically cylindrical coassociative submanifold ofM with cross-sectionỸ . Define M := S 1 ×M , N := S 1 ×Ñ , X := S 1 ×X, and Y := S 1 ×Ỹ . Let θ denote the coordinate on the S 1 -factor. Then the cross-product with the parallel section ∂ ∂θ ∈ Γ(T X) defines an isomorphism ν M X ∼ = E. Under this isomorphism, the Dirac operator D is self-adjoint. Furthermore,Ñ is a Calabi-Yau 3-fold andỸ is a complex curve. Hence 
